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Abstract 

We study type II A configurations of D4 branes and three kinds of NS fivebranes. The 
D4 brane world- volume has finite extent in three directions, giving rise to a two-dimensional 
low-energy field theory. The models have generically (0, 2) supersymmetry. We determine 
the rules to read off the spectrum and interactions of the field theory from the brane box 
configuration data. We discuss the construction of theories with enhanced (0,4), (0,6) 
and (0, 8) supersymmetry. Using T-duality along the directions in which the D4 branes 
are finite, the configuration can be mapped to Dl branes at C^/F singularities, with F 
an abelian subgroup of S'[/(4). This provides a rederivation of the rules in the brane box 
model. The enhancement of supersymmetry has a nice geometrical interpretation in the 
singularity picture in terms of the holonomy group of the four-fold singularity. 
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1. Introduction 

The dynamics of D-branes in certain configurations of intersecting branes encodes 
many field-theoretical facts about super symmetric theories in several dimensions (for a 
review, see [Q). Gauge theories in p + 1 dimensions with sixteen supercharges can be 
obtained as the world-volume theories of fiat infinite Dp-branes. In the context of theories 
with eight supersymmetries in p dimensions, it was shown in that such theories can be 
realized by considering Dp-branes with a world-volume which is finite in one direction, in 
which the D brane ends on NS fivebranes. For definiteness, let us take such world-volume 
spanning 0, 1, 2, ... , (p — 1), and with finite extent along 6. The brane is suspended between 
NS fivebranes spanning 012345. The low energy theory in the non-compact dimensions of 
the D-brane is p-dimensional. It is still a gauge theory, but the presence of the NS branes 
breaks half of the supersymmetries, so eight supercharges remain. This construction has 
been generalized in several directions, and has yielded the realization of a large family 
of models in several dimensions. This setup has also been exploited to compute different 
exact quantum results in these theories. For a review of such achievements, see [|1|. 

A nice property of the interplay of field theories and configurations of branes is that 
the intersections of branes can sometimes support chiral zero modes. This opens the 
possibility of studying chiral gauge theories using branes. The simplest such example is 
provided by the realization of six-dimensional theories with eight supersymmetries, which 
are chiral. These can be realized in the setup described above by taking p = 6, i.e. one 
considers D6 branes extending along 0123456, and which are bounded in 6 by NS branes 
with world- volume along 012345. This construction has been discussed at length in |]^, 
where it was shown that the configurations yield theories satisfying the very restricting 
anomaly cancellation conditions. The family of models obtained reproduces the results of 
0,^, and even contains some further consistent examples. 

Chirality if a fragile property, in the sense that toroidal compactifications or too 
much supersymmetry spoil it. Thus, in order to obtain chiral theories in four dimensions 
one has to consider theories with only four supercharges. Their realization in terms of 
branes requires new ingredients. A fairly general family of brane configurations realizing 
generically chiral gauge theories in four dimensions was introduced in [^i. The idea is a 

Let us also mention that the approach of rotated branes has been used to construct some chiral 
gauge theories in four dimensions ||^. This construction, however, seems not so flexible and easy to 
generalize. An interesting apporach, introduced in [^, is related to the constructions of [^j by T-duality. 
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clever extension of the philosophy in 0. It consists in realizing first a five- dimensional 
theory with eight supercharges, by using D5 branes along 012346, suspended between NS 
branes with world- volume along 012345. Then, the D5 brane is bounded in the direction 
4, by using a new set of NS branes oriented along 012367 (denoted NS' branes). The low 
energy theory is four-dimensional, since the world-volume of the D5 brane along 46 is a 
finite rectangle. Such configurations are known as brane box models. The presence of 
the new kind of branes breaks a further half of the supersymmetries, and so the theory 
has only four supercharges. Furthermore, the intersections of NS, NS' and D5 branes 
introduce chirality in the four dimensional theory. There is no complete understanding of 
the quantum effects of these gauge theories in terms of branes, even though some results on 
exact finiteness and marginality were obtained in [|10| . Some understanding on the bending 



of the branes in this configurations, recently developed in [11], may help in improving the 
situation in this respect. 

In this paper we continue this analysis of chirality in field theories realized by brane 
configurations, and construct chiral gauge theories in two dimensions, with two super- 
charges, i.e. (0,2) theories. After the previous discussion, there is a natural approach to 
the construction of such theories. We first realize three-dimensional gauge theories with 
four supercharges, by using D4 branes along 01246 and NS, NS' branes as before. The con- 
figuration is T-dual (along 3) to the brane box models constructed above. We then bound 
the D4 branes in the direction 2, by means of a new set of NS fivebranes, along 014567, 
denoted NS" branes. This implies the the low energy field theory will be two-dimensional, 
and that only two supersymmetries remain unbroken. Now it is the intersection of D4, 
NS, NS' and NS" branes that introduces the chirality in the two dimensional theory. The 
construction and study (at the classical level) of these theories is the aim of the present 
paper. 

We start in Section 2 by reviewing some basic features of two-dimensional field the- 
ories. In Section 3 we describe the brane configurations sketched above. The spectrum 
and interactions corresponding to a given brane model is determined by studying first the 
realization of (2, 2) theories, and generalizing the result. 

In Section 4 we discuss models with enhanced supersymmetry. An interesting feature 
of two-dimensional theories is that it is possible to enhance the supersymmetry while 
preserving chirality. So it makes sense to ask whether new ingredients are required to 
realize e.g. (0, 4) theories using brane constructions. In Section 4 we show a simple way 



of realizing a large class of models with such enhanced chiral supersymmetry in our setup, 
without the need of extra ingredients. 

In Section 5 we discuss the relation or our approach to that of |T^. Recently it has 
become clear that there is an alternative way of realizing chiral theories in several dimen- 
sions, as the world-volume theories of D brane probes at singularities. Thus, using D5 
branes at ADE singularities (possibly with some orientifold projection) one can realize 
six-dimensional theories with eight supercharges |13,14,|]. Some of these constructions 
(corresponding to Ak singularities) have been argued to be T-dual to the brane config- 
urations in 0. Similarly, by using D3 branes at C^/F singularities, with F a discrete 
subgroup of SU{3), one can realize chiral four-dimensional theories with four supercharges 
T^ , |T7| , p!8|JT9|] . For abelian discrete groups, these constructions are related by T-duality to 



the brane box models, as argued in [|T2[. In Section 5 we apply the same argument to 
the our brane models, and discuss their relation with the theories on the world-volume 
of Dl branes at C^/F singularities, with F a discrete subgroup of SU{4). These latter 
theories have been studied in [jl5|, and we review the determination of the spectrum and 
interactions in the singularity language. This can be compared with the rules proposed 
in Section 3, and provide a rederivation of the result. Also, the agreement supports our 
T-duality proposal in this case. Finally, it provides a nice geometrical interpretation for 
the enhancement to (0, 4) and (0, 8) supersymmetry introduced in Section 4. The explana- 
tion suggests the brane configurations with enhanced supersymmetry have an appropriate 



'generalized holonomy group' in the sense of [20 



Finally, Section 6 contains our conclusions. The definition of the gauge theory param- 
eters in terms of branes is discussed in an appendix. 

We note that brane configurations have been used to obtain several results on non- 



chiral theories in two dimensions, in ||2T[] for (2,2) theories, and in |22] for (4,4) theories. 



Another approach to the study of (2, 2) theories has been taken in [|2^ in the framework 
of geometric engineering. 



2. Overview of Field Theory 

In this section we will give an overview of the matter content and interactions of the 
two-dimensional (2,2) and (0,2) gauge theories. Our aim is not to provide an extensive 
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review of such theories, but to briefly recaU the relevant structure of multiplets and inter- 
actions, which we will need in the following sections. For a more complete treatment see 
Refs. 121,^ . 



2.1. M = 1 Theories in Four Dimensions 

Let us flrst briefly review the matter content and interactions of A/" = 1 gauge theories 
in four dimensions. For deflniteness let us take the gauge group to be U{N). The theory 
is formulated in the superspace consisting of four spacetime coordinates x^, {fi = 0, 1, 2, 3) 
and odd coordinates 6*", 9 The multiplets used in the construction of gauge theories are: 

i)-. The chiral multiplet, which we will denote by $, which contains a complex scalar 
and a chiral fermion, in any representation of the gauge group. 

iiJ-.The gauge multiplet, V, containing (in the Wess-Zumino gauge) gauge bosons and 
a Majorana fermion, both in the adjoint representation of the gauge group. 

The interactions of the Af = 1 theory are encoded in the superspace Lagrangian 

rf^x ^^6' ^ (^$, exp TaVa)^^^ + J X (f 6 Tv {W " W^,) 

+ j d^x d^e W{^i) + h.c. -r j d^x d^e Tr(i/) (2.1) 

where = ~\D D^V is the gauge fleld strength chiral superfleld. The flrst term 
contains the kinetic term and gauge couplings for the chiral multiplets. Here Ta are the 
generators of the gauge group in the appropriate representation. The second term is 
the kinetic energy and gauge interactions for the gauge multiplets. The third term is 
the superpotential; W{^i) is a holomorphic function of the chiral superflelds $i. In the 
applications we are to consider, the superpotential will be cubic, and contains the Yukawa 
interactions and scalar potential terms. The last term is the Fayet-Iliopoulos term which 
arises if there is a U(l) factor in the gauge group. Finally let us mention that A/" = 1 gauge 
theories have a U(l) R-symmetry. This symmetry can be broken to a discrete subgroup 
by instanton effects. 

2.2. (2,2) Theories in Two Dimensions 

We now describe how dimensional reduction of TV^ = 1 in four dimensions yields (2,2) 
gauge theories in two dimensions. To this end, one takes all flelds to be independent 
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of x'^,x^, and decomposes the representations of the four-dimensional Lorentz group with 
respect to the two-dimensional one. The resulting gauge theory in two dimensions is nicely 
described in the (2,2) superspace {y"" ,9^ ,9~ ,9^ ,9 ), where {y'^,y^) = (x'^.x^). 

The structure of multiplets is very similar to the four-dimensional one, as follows. 

i) -. There is a (2,2) chiral multiplet $, containing a complex scalar (p, and two fermions 
of opposite chirality ifj^, ■(/'_. 

ii) -. There is also a vector multiplet V, containing gauge bosons, Va, a = 0, 1, two 
Majorana fermions A-|-, A_ and one complex scalar a (this last arising from the components 
of the four-dimensional vector along x^, x^). 

The Lagrangian is obtained by simple reduction of the Lagrangian ( |2.1| ). It has the 
following structure, 

L = Lch + Lgauge + Lw + Ld£- (2.2) 
The term L^h is the kinetic energy and gauge couplings of the chiral superfields $ 

J d''yd^9j2 ($^exp(5^J'^K)$^). (2.3) 

The term Lgauge contains the kinetic energy and gauge interactions for the vector 
multiplets, and takes the form 

Lgauge = / V OTv {EE) , (2.4) 

where E is the (2,2) gauge field strength superfield and g is the gauge coupling constant. 
The (2, 2) superpotential term Lw is given by 

Lw^-j d''yd9+d9-W{^,)\^+^^-^^ - h.c. . (2.5) 
Finally, the last term contains the Fayet-Iliopoulos and theta angle terms, 

LD,e = ^ / d''yd9+d9~Tr{j:\^_^^+^^) + h.c. (2.6) 

where t = ir + tt-. 

ZTT 

Among the symmetries present in (2,2) theories, the R-symmetries play an impor- 
tant role. For these theories there can two U(l) R-symmetries, the right-moving U(l) 
R-symmetry acts on the right-moving odd coordinates {9~^,9~^) in the form 9~^ e'^^9~^, 
9^ e~'^^9~^ , leaving 9- and 9 invariant. Similar definition holds for the left-moving 
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U(l) R-symmetry acting on the left-moving (^~, 9 ). Since the fermions are charged under 
these symmetries they can be anomalous. The condition that the mixed anomaly of the 
R-symmetries and the U{1) gauge factor in U{N) vanishes is 

5^g, = 0, (2.7) 

i 

where Qi is the gauge U{1) charge of the z-th chiral field $i. This ensures the conservation 
of the left-moving and right-moving R-currents Jl, Jr- This relation also implies the 
non-renormalization of the coefficient of the Fayet-Iliopoulos term. 



2.3. (0,2) Theories in Two Dimensions 

We now move on to review the building blocks of (0,2) gauge theories in two dimen- 
sions. These theories are described in the (0,2) superspace (y",^+,^ ). There are three 
basic kinds of multiplets which we will use. 

i) -. The (0,2) gauge multiplet V , which contains gauge bosons Va, a — 0,1, and one 
fermion x_. 

ii) -. The (0,2) chiral multiplet contains one complex scalar (p and one chiral 
fermion t/j^. 

Hi)-. The (0,2) Fermi multiplet. A, is described by an anticommuting superfield. Its 
complete 9 expansion contains a chiral spinor A_, an auxiliary field G, and a holomorphic 
function E depending on the chiral (0,2) superfields The Fermi multiplet A satisfies 
the constraint P_|_A = \/2E{^'), with V^E = 0. Here represents the super symmetric 
covariant derivative. The expansion in components for the Fermi superfield is 

A = A_ - V29+G - i9+9^{Do + L>i)A_ - V29^E{^') (2.8) 

with denoting the usual supersymmetric derivative @. 

Gauge theories involving these fields are described by a Lagrangian with the following 
structure, 

L = Lgauge + Lch + Lp + Lofi + Lj. (2.9) 

^ Notice that our definitions of the Fermi multiplets and the function E follow and differ from 

those in 
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As usual, Lgauge IS the kinetic term of the gauge multiplet given by 

Lgauge = ydO^ dt Tt{TT) (2.10) 

where T is the field strength of V . 

The term L^h contains the kinetic energy and gauge couplings of the (0,2) chiral 
superfields It is given by 

Lch = -'-[ dV^E N(^o -2^i)$:), (2.11) 

where Vq and Vi are the (0,2) gauge covariant derivatives with respect to V . 

The term Lp describes the dynamics of the Fermi multiplets A, and certain interac- 
tions. It is given by 

LF = -\j d^yd^eJ2(^aK). (2.12) 

a 

For future convenience, we give the expression of this term in components, as obtained 
upon substitution of (p.8| ) in ( p.l2|) . 



Lf- J d^J2{^-ADo+D^)X-,a+\G^ME^\'-J2(>^-,a^ 

(2.13) 

The Fayet-Iliopoulos and theta angle terms are encoded in the (0,2) Lagrangian LD,e 
which is written as 

LD,e = lj d^yd9+Tt{T\^+^^) + h.c. (2.14) 

where t = tt- + ir. 

ZTT 

Finally (0,2) models do admit an additional interaction term Lj which depends on a 
set of holomorphic functions J"($') of the chiral superfields. There is one such function 
for each Fermi superfield. They satisfy the relation Xla-^a"^" ~ ^- This interaction is the 
(0,2) analog of the superpotential, and its Lagrangian Lj is given by 

The expansion of this term in components is 



Lj = -J d'y^^lCar + Y^>^-,ai^+,j^) -h.c. . (2.16) 

After combining the Lagrangians Lp and Lj and solving for the equations of motion 
for the auxihary fields G, the relevant interaction terms in the Lagrangian (we are not 
listing the gauge interactions and D-terms here) are 

a a,j 

The first term contains the scalar potential, and the second the Yukawa couplings. 
Notice that the choice of the functions E and J completely defines the interactions of the 
theory. 

For (0,2) theories in two dimensions we have just one U(l) R-symmetry group acting 
on the superspace coordinates {6^,6^). This is right-moving R-symmetry and it acts as 
9^ —>■ e*^^"*", 6^ e~^^9^ , leaving 9~ , 9 invariant. Again, Eq. ( p.7| ) provides the 
condition to have cancellation of the mixed anomalies. 



2.4- Decomposition of (2,2) Superfields In Terms of (0,2) Multiplets 

For future convenience it will be useful to decompose the (2, 2) theories in terms of 
(0,2) superfields. Looking at the field content of the multiplets, we conclude that the 
(2, 2) vector multiplet V decomposes as a (0,2) gauge multiplet V (containing the gauge 
boson Vot {a = 0, 1) and the negative chirality spinor x-) and a (0,2) chiral multiplet 
E' = consisting of an scalar a and the positive chirality spinor x+ the 

adjoint representation of the gauge group. 

As for the (2,2) chiral multiplet $i, it decomposes as a (0,2) chiral multiplet $^ = 
-Q (containing the complex scalar and (f)i and the positive chirality spinor '(/'+, i) 
and a (0,2) Fermi multiplet Aj (containing the negative chirality spinor denoted X-^i 
in what follows in order to be consistent with our (0, 2) conventions). 

This Fermi multiplet is given by A^ = A=T)-^A^_ -- ^. It can be verified that the 

v2 p — u — U 

corresponding function Ei of the (0, 2) chiral superfields is Ei = i\piTaTJj^\^ where a runs 
over the generators of the gauge group under which the field is charged, and are in the 
appropriate representation. 
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Some of the interactions in the (0,2) theory are basically specified by the gauge group 
and the representations of the chiral and Fermi multiplets. Only the Lj term and the 
interactions coming from Lp deserve special discussion. The Lagrangian Lj is obtained 
by reduction of the (2, 2) superpotential, and thus involves the chiral and Fermi fields 
coming from the (2, 2) chiral fields. The Lagrangian takes the the form ( |2.15|) with a 
specific form for the functions J*, namely 

dW 

r ^ 5^ (2.18) 

with W being the superpotential of the (2,2) theory. The equation -Ei J* = follows 
from gauge invar iance of W . 

There are also interactions between the (0, 2) chiral multiplet E' and the chiral and 
Fermi multiplets A^. These couplings are gauge interactions from the (2,2) point of 
view, but in the (0,2) theory appear from the expansion oi Lp. They are obtained by 
substituting in Eq.( |2.13| ) the functions Ei found above. 



3. The Brane Configurations 

In this section we introduce certain supersymmetric configurations of NS, NS', and 
NS" branes, and D4 branes in Type IIA superstring theory. They give rise to two- 
dimensional (0, 2) field theories. These configurations are obtained in the spirit of the 
brane box configurations in 0, by considering D-branes which are finite in several direc- 
tions. As explained in the introduction, they belong to a natural sequence of brane box 
models yielding chiral theories in six, four and two dimensions (taking D branes compact 
in one, two and three directions, respectively). 

3.1. Description oj the Brane Configurations 

Let us consider the ingredients of the brane configurations which we will use in this 
paper. Brane configurations consist of: 

a) -. NS fivebranes located along (012345). 

b) -. NS' fivebranes located along (012367). 
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c) -. NS" fivebranes located along (014567). 

d) -. D4 branes located along (01246). 

In this configuration the D4 branes are finite in the directions 246. They are bounded 
in the direction 2 by the NS" branes, in the direction 4 by the NS' branes, and in the 
direction 6 by the NS branes. For the D4 branes to be suspended in this way, it is 
necessary that the coordinates of all branes in 89 should be equal. It is also required that 
two NS branes joined by a D4 brane should have the same position in 7, and analogously 
that two NS' branes joined by a D4 brane should have the same position in 5, and that 
two NS" branes should have the same position in 3. In Figure 1 we show the 246 three- 
dimensional space and illustrate how the NS, NS', and NS" brane bound the D4 brane in 
three directions. 

The low-energy effective field theory on the D4 branes is two-dimensional, since 01 are 
the only non-compact directions in their world-volume. The presence of each kind of NS 
fivebrane breaks one half of the supersymmetries, and altogether they break to 1 /8 of the 
original supersymmetry. A further half is broken by the D4 branes, and the world-volume 
theory has (0, 2) supersymmetry in two dimensions. Since the D brane is bounded by NS 
fivebranes, the world-volume gauge bosons will not be projected out and there will be a 
gauge group for each box in the model. The U{1)r R-symmetry of the field theory is 
manifest as the rotational symmetry in the directions 89. 

We note that there are a variety of other objects that can be introduced in the con- 
figuration without breaking the supersymmetry. For instance, there are three kinds of 
D6 branes that can be introduced, namely D6 branes along 0124789, D6' branes along 
0125689, and D6" branes along 0134689. They provide vector- like flavours for the gauge 
groups. These extensions are quite well-known from other contexts, and we will not study 
them in the present paper. 
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Fig. 1. A three-dimensional box with 2 NS branes, 2 NS' branes and 2 
NS" branes. The D4 brane world-volume fills the cube bounded by the NS 
fivebranes. For clarity we have shown only a finite interval of the NS, NS' and 
NS" branes, which actually extend to infinity along 24, 26 and 46, respectively. 

There is a first rough classification we can make in these brane configurations, accord- 
ing to whether the directions 246 are taken compact or not. If some of these directions 
are non-compact, then there wiU be some semi-infinite box, which wiU represent some 
global symmetry. For definiteness we will center on the case in which all three directions 
are compact, with lengths R2, and Rq. Extension of our results to other cases is 
straightforward. 

A generic configuration consists of a three-dimensional grid of k NS branes, k' NS' 
branes and k" NS" branes dividing the 246 torus into a set of kk'k" boxes. We will often 
think about these configurations as infinite periodic arrays of boxes in M'^, quotiented by an 
infinite discrete group of translations in a three-dimensional lattice A. This point of view 
is particularly useful to define models in which the unit cell has non-trivial identifications 
of sides [ p!0| , p!2[] . In Section 4 we will present some examples of this last case. 

3.2. Motivating the Brane Box Rules 

The next question we would like to address is what is the spectrum of the (0, 2) gauge 
theory corresponding to a given brane box configuration. The strategy we are to follow in 
this section is to first consider a particular family of brane box models, namely those with 
k" = 1. Notice that if there are no NS" present, the brane configurations can be thought 
of as a compactification of the brane box models in [§|,|Ty] , up to a T-duality along direction 
3. The corresponding two-dimensional field theory will be a dimensional reduction of the 
four-dimensional Af = 1 gauge theories in 0, thus a (2,2) theory. The spectrum and 
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interactions of such theory are known from the four-dimensional analysis, where it was 
shown that fields transforming in bi-fundamental representations could be represented as 
arrows joining the D-branes in different boxes (representing the open strings stretched 
between the D branes), and superpotential interactions corresponded to closed triangles 
of arrows (representing open string interactions). Our purpose is to reinterpret such fields 
and interactions in the (0, 2) language, and find some rules yielding the correct spectrum. 
These will turn out to have a natural generalization to other brane configurations with 
several NS" branes, and which yield genuine (0, 2) field theories. 

Let us mention that the introduction of a single NS" brane does not change the theory, 
so it still has (2, 2) supersymmetry. It will be useful to introduce such brane, because then 
the matter multiplets will appear in a suggestive pattern, easy to generalize to (0, 2) models. 

So let us consider a k x k' x 1 box model, with trivial identifications of the sides of 
the unit cell, such as that depicted in Figure 2 for the particular case k ~ 3, k' — 4. Let 
us also place na,b D4 branes in the box in the position (a, b) in the grid. 



Unit Cell 



2/ 6 

Fig. 2. A 3 X 4 X 1 box model, with its twelve different boxes and its unit 
cell. The sides of the unit cell are identified to make the direction 246 compact. 
Equivalently, the brane configuration can be described as an infinite periodic 
array of unit cells. For clarity we only show one slice of the infinite periodic 
array along 2. Notice that, in this and the following figures, the numbers in 
the boxes are labels to distinguish them and do not denote the number of D4 
branes in the box. 

It will be convenient to imagine the brane configuration as an infinite periodic array 
of boxes extending in 246. Thus, each box will be labeled by three indices (a, b, c) corre- 
sponding to its position in the grid in 6, 4 and 2, respectively. Even though things will 
not depend on the actual value of c (since the periodicity in 2 is of one box), again it will 
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be useful to maintain such notation, aiming to a further generahzation to be completed in 
following sections. 

Using the (2,2) reduction of the rules in 0, we know that the box (a, 6) has vector 
multiplets giving a U{na,b) gauge groupi. There are also (2,2) chiral multiplets which 
corresponded to horizontal, vertical and diagonal arrows in the four-dimensional construc- 
tion. We denote these fields by $^a,& (in the (□, □) of U{na,b) x U{na+i,b)), a,b (in the 
(□,□) ofU{na,b) X U{na,b+i)), and (in the (□,□) ofU{na,b) x U{na-i,b-i))- There 
are three such fields for each box in the model. 

Let us decompose this field content with respect to (0, 2) multiplets and try to define 
some arrows in the brane box diagram to represent such fields. As reviewed in section 2.4, 
the (2, 2) vector multiplet at each box gives a (0, 2) vector multiplet and a (0, 2) chiral 
multiplet in the adjoint of U{na,b)- We can represent this field by an arrow which starts 
in the box (a, 6, c), extends along 2, and ends in another copy of the box (a, 6, c -f 1). This 
transforms in the adjoint, since in this configuration the boxes that differ only in c are 
identified due to the periodicity in 2. We will denote this (0, 2) field by Na,b,c- 

The (2, 2) chiral field $^{, gives rise to a (0, 2) chiral field and a (0, 2) Fermi multiplet 
transforming in the (□, □) of U ijia^b) x U {ria+i^b)- Our proposal is that the chiral multiplet, 
denoted Ha,b,c, should be represented by an arrow which goes from the box (a, 6, c) to the 
box (a -|- 1, 6, c). The Fermi multiplet, denoted A^^^ ^, is however represented by an arrow 
starting from the box (a, 6, c) and ending on the box (a -t- 1, 6, c -|- 1). It will be useful to 
also consider an arrow starting from the box (a-|- 1, 6, c+ 1) and ending on the box (a, 6, c), 
which represents the conjugate of the Fermi multiplet, denoted A^^^j^ ^ Notice however 
that this is not an independent field i. Notice how a four-dimensional field splits in two 
due to the presence of the new kind of NS fivebrane. This is somewhat analogous to how 
four-dimensional M = 2 theories are constructed using brane box models |jT^ . 

The (2, 2) chiral multiplet analogously yields one (0, 2) chiral multiplet and one 
Fermi multiplet transforming in the (□, □) of U{na,b) x U{na^b+i)- We can represent 
the chiral multiplet, denoted Va,b,c by an arrow going from the box (a, 6, c) to the box 

(2) 

(a, 6-1-1, c). The Fermi field denoted A^^ ^ ^ corresponds to an arrow from the box (a, b, c) to 

^ In two dimensions we expect the U{1) factors to be dynamical. The freezing argument in [ p6[ applies 
to theories in four or more dimensions. 

^ Even though the notation may appear confusing, we stick to denoting the fields by the box their 
arrow starts at. 
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the box (a, 6+1, c+1). Again we introduce another arrow, going from the box (a, 6+1, c+1) 

(2) 

to the box (a, b, c), which represents the conjugate of the Fermi multiplet. 

Finally, the (2, 2) chiral multiplet gives rise to one (0, 2) chiral multiplet and one 
Fermi multiplet transforming in the (□, □) of U{na,b) x U{na-i,b-i)- The chiral multiplet, 
denoted Da^b.c-, is represented by an arrow going from the box (a, 6, c) to the box (a — 1, 6 — 

/OA 

1, c — 1). The Fermi field, denoted ^ ^, corresponds to an arrow from the box (a, 6, c) 
to the box (a — 1,6— 1, c). Again, the opposite arrow is taken to represent the conjugate 

^(3) 

The arrows defining the (0, 2) chiral fields are shown in Figure 4, and those for Fermi 
multiplets (and their conjugates) in Figure 5. The list of (0, 2) multiplets is given in 
Table 1, along with their origin in the (2, 2) theory. 




/ — - 

✓ 

(■-- 


r 

✓ 

^ < 

1 ^ 




✓ 

1 ✓ 

r 




Fig. 3. The vertices of the cube with dashed contour are located at the 
centers of the cube drawn with continuous lines. 



'a,b,c 



a,b,c 




(A) (B) 

Fig. 4. Arrows representing the (0,2) chiral multiplets. For clarity we 

show the fields Ha,b,c, Va,b,c and Na,b,c, and the field £)a+l,6+l,c+l in 
separate pictures. In this and following pictures, the cube with dashed contour 
is as defined in Figure 3. 
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(0, 2) Field 


Representation 


(2, 2) Field 


Ha,b,c 


(□a,b,C7 □a+l,b,c) 
(□a,6,C5 □a+l,b,c+l) 




V \ ■ 

^(2) 

b,r 


fr-\ rn 

(,Ua,b,C7 Ua,6+l,cJ 
(□a,6,C7 □a,f)+l,c+l) 




Da,b,c 
^(3) 


(□a,6,c, □a-l.b-l.c-l) 
(□a,&,c, □a-l.fa-ljc) 




Na,b,C 


{Da,b,c,na,b,c+l) (Adj.) 


Vector 



Table 1: Fields in a generic (2,2) model obtained by reduction of a four-dimensional Af = 1 model. 
The matter content is split in (0,2) chiral and Fermi multiplets. The origin of the fields in the (2,2) theory 
is specified in the last column. 

Since the boxes are repeated periodically along 2 with period of one box, there is some 
ambiguity in the assignation of arrows. Now we show that with the above choice the (0, 2) 
interactions arise from closed triangles of arrows. 

For each box there are six closed triangles involving the arrows corresponding to 
the fields H, V, D and A*^'^^ i = 1,2,3. They are shown in figures 6C, 6D and 6E (The 
meaning of the other triangles will be explained later). Recall that the (0, 2) superpotential 
interactions involve one Fermi multiplet and two chiral multiplets, a feature correctly 
reproduced by our choice of arrows. As mentioned in section 2.4, the (0, 2) interactions 
in Lj arise from the reduction of the (2, 2) superpotential. Specifically, we expect an 
interaction of type (|2.15| ) involving the (0, 2) chiral and Fermi fields arising from (2,2) 
chiral multiplets, namely Ha,b,c, Va,b,c and Da,b,c, and A^*^^ ^ (i = 1, 2, 3). The functions J 
in that equation can be obtained from the superpotential through Eq. ( |2.18|) . It is easy to 
check that these are given by the mentioned triangles. Explicitly, we obtain the following 
J functions: 

ji^b,c ~ ^a+l,b,c+lDa+l,b+l,c+l — Da+l^b,c+lVa,b-l,c 

ji^b,c ~ Da,b+l,c+lHa-l,b,c — Ha,b+l,c+lDa+l,b+l,c+l (3-1) 

t(3) TT ^/ T/ fT 

'J a+l,b+l,c ~ ^-'■a,b,c''a+l,b,c ^ a,b,c-^-'- a,b+l,c- 

The triangles can be thought of as describing the Yukawa interactions that arise from 
the (0, 2) superpotential, as in ( p.l6|) . 
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The remaining triangles contain the information about the (0,2) interaction terms 



coming from the Lagrangian Lp, as in (2.13). These are defined by the functions E asso- 



ciated to the Fermi multiplets. These can be obtained from the (2, 2) gauge interactions. 
The resulting functions are 

E^J^c ~ Na,b,cHa,b,c+l — Ha,b,cNa+l,b,c 

E^a)>,c ^ ^a,6,cVa,&,c+l " K,6,c^a,&+l,c (3-2) 

-E-a-l-l^b+l^c+l ~ Na+l,b+l,cDa+l,b+l,c+l — Da+l,b+l,cNa,b,c-l- 

These can be read from the triangles in figures 6 A, 6B and 6F, respectively. The triangles 
can be thought of as describing the Yukawa interactions in (|2.13| ). 
These functions satisfy the relation 



E E <lc^S,c = 0. (3.3) 

i a,b 




4 



b+l,c 



Fig. 5. The arrows associated to (0,2) Fermi multiplets and their conjugates. The fields 
represented corr^espond to AJ^^J^^, AJ^^.^^ (figure A) A^^^^^, A^^^^^^^^^ (figure B), and 

ASi,.+ 1,c. Aft (figure C). 

Observe the analogy between both types of functions and in the interactions they give 
rise to. This is the main motivation to introduce the same diagrammatic representation 
for both. Actually, at the level of component fields, the interactions are very similar. It 
is only the choice of a specific chiral superfield to appear in the functions E of the Fermi 
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multiplets (in this case, the fields N) that introduces the difi^erence in the origin of the 
terms, as some arising from the superpotential, and others from the Lagrangian Lp- 

We stress that the same theory could be rewritten in (0, 2) superspace with a different 
choice for this special field. In that case, there would be some re-shuffling of interactions, 
and terms which originate in the (0, 2) superpotential for one choice can appear from Lp 
for another choice. In the case we have studied, it was natural to take the fields N as 
special, since they were in the adjoint, and the (0, 2) superspace Lagrangian obtained with 
this choice can be further written in (2, 2) superspace. For more general (0, 2) theories, to 
be studied in next section, there is no canonical choice of special field. 

3.3. General Rules to Obtain the Two- Dimensional Field Theory 

In this section we consider a more general model, with a unit cell formed hj k x k' x k" 
boxes. In each box we can place an arbitrary number of D4 branes, denoted rta^h.c (with 
a = 1, 2, . . . , /c, h = 1, 2, . . . , /c' and c = 1,2,..., k") for the box labeled (a, 6, c). Indices 
a, h and c correspond to positions along the directions 6,4 and 2 respectively. Notice that 
as we define the theory on the torus the indices a,6, c are defined modulo k,k',k" 
respectively. 

The rules we determined in the previous section have a natural generalization to this 
more general case. In the following we state these general rules, and then present some 
arguments supporting it. 

The gauge group and matter content are specified hy k,k', k" and the set of numbers 
{na,b,c}- The gauge group associated to this configuration is given by Yla b c^{'^a,h,c)- 

The matter content of the model consists of the following (0, 2) chiral multiplets. 

• The 'horizontal' multiplet Ha,b,c, which transforms in the bi-fundamental represen- 
tation (□, □) of U{na,b,c)^ U{na+i,b,c)- It is represented by an arrow going from 
the box (a, 6, c) to the box (a -|- 1, 6, c). 

• The 'vertical' multiplet Va^b,ci transforming in the (□, □) of U{na,b,c)x U{na,b+i,c)- 
It corresponds to an arrow going from the box (a, 6, c) to the box [a^b + 1, c). 

• The 'normal' multiplet Na^h,ci in the (□, □) of U{na,b,c)>^ U{na,b,c+i)- Its arrow, 
from the box (a, 6, c) to the box (a, 6, c -|- 1), is normal to those of H and V. 

• The 'diagonal' multiplet Da,b,c, which transforms in the (□,□) of U{na,b,c)x 
U {na-\,b-i,c-i) ■ Its arrow goes from the box (a, 6, c) to the box (a — 1, 6 — 1, c — 1). 

The arrows corresponding to these chiral fields are depicted in Figure 4. 
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The theory also contains the following (0, 2) Fermi multiplets. 

• The conjugate fields A^^^ ^, A^^_^j^ bc+v which transform respectively in the (□,□) 
and (□,□) representations of U{na,b,c)xU{na+i,b,c+i)- They are represented by 
arrows going from the box (a, b, c) to the box (a + l,b,c+ 1), and vice versa. 

(2) (2) 

• The conjugate fields A)^ ^ ^, A^ transforming respectively in the (□, □) and 

(□,□) of U{na,b,c)>^U{na,b+i,c+i)- They are represented by arrows from the box 
(a, b, c) to the box (a, 6 + 1, c + 1) and vice versa. 

• The conjugate fields A^'^^, ^, transforming respectively in the (□, □) and 
(□, □) of U{na,b,c)>^U{na-i,b-i,c)- They are represented by arrows from the box {a,b,c) 
to the box (a — 1,6— 1, c) and vice versa. 

The arrows representing the Fermi supermultiplets and their conjugates are shown in 
Figure 5. The complete spectrum of matter multiplets is shown in Table 2. 



Field 


Representation 


Ha,b,c 


(lIIIo,6,C) IIIIa+l,6,c) 


^a,b,c 


(CIIo,6,C5 IIIIa,6+l,c) 


Na,b,c 


(lIIIo,6,C5 IIIIa,6,c+l) 


Da,b,c 


(□o,6,c) Da-l.b-l.c-l) 


^(1) 
^^a,b.c 

^^a+l,b,c+l 


(□o,6,C) □a+l,6,c+l) 

(□a+l,6,c+l7 □a,6,c) 


a,b,c 
^(2) 


(□a,b,C7 □a,6+l,c+l) 
iC\a,b+l,c+l,C\a,b,c) 


^^a,b.c 
a(3) 

^^a-l,b-l,c 


(□a.b.oDa-l.b-l.c) 
(CHa— 1,6— 1,C) CIIo,6,c) 



Table 2: Spectrum of chiral matter obtained from the general rules. The table shows the representation 
of the gauge group in which each field is transforming. We have listed the Fermi multiplets along with 
their conjugates. 

We again stress that there are only three independent Fermi multiplets, the others 
being merely conjugates of them. However there is no canonical choice of 'fundamental' and 
'conjugate' fields. This ambiguity is actually related to the choice of which interactions 
arise from the (0,2) superpotential from Lj and which from the Lagrangian Lp. This 
splitting of the interactions is determined by the choice of a 'special' chiral multiplet. 
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which will appear in all the functions E associated to the Fermi multiplets. The rules 
below can provide the (0, 2) Lagrangian for any choice, but for the ease of explanation we 
will write the explicit equations only for the case the fields -Da,6,c are taken as the special 
ones. In order to clarify this issue and to complete our set of rules, let us turn to the 
interactions in the theory. 

They are given by closed oriented triangles of arrows in the brane diagram. The 
possible triangles are depicted in Figure 6. Once a special chiral multiplet is chosen, the 
interactions are arranged in two sets, those arising from the (0, 2) superpotential, and those 
from the E functions associated to the Fermi multiplets. Since the special field appear 
in all the E functions, the triangles in which it appears give interactions coming from 
Lp] below we give rules to compute the corresponding functions E. The triangles where 
the special field does not appear provide the (0, 2) superpotential. We will give rules to 
compute the corresponding functions J. Since the superpotential ( p.l8|) is holomorphic, 
we can read from the triangles whose fields A are the Fermi multiplets and which are the 
conjugates. 



A. 








Fig. 6. Prescriptions to compute the interactions in the (0,2) theory. The twelve triangles 
depicted encode the definition of the functions E and J corresponding to the Fermi multiplets. 

Let us choose the fields Da,b,c to be the special fields. This means that, in figure 6, 
the triangles 6A, 6B and 6C provide the (0, 2) superpotential. It also means that the Fermi 
superfields are A(i), A(2) and A^^), whereas A^^), A^^) and A^^) are their conjugates. We 
can read the corresponding functions J from the triangles. 
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A (1) , t(1) TT AT AT TT 

^^a+l,6,c+l "'a+l,6,c+l ~ -"o,6,c-'>'a+l,6,c Vo^5^c-"a,6,c+l 

^S+l,c+l ^ '^S+l,c+l = -^a,6,cK,6,c+l - Va,b,cNa,b+l,c (^•^) 

A (3) ^ t(1) -ir TT TT -ir 

-'*-a+l,6+l,c "^o+l.b+l.c ~ »'a,6,c-na,6+l,c -"0,6,0 »'a+l,6,c- 

The remaining triangles, 6D, 6E and 6F, involve the fields D, and so give interactions 
arising from Lp. The triangles provide the E functions corresponding to the Fermi fields: 



^i+l,6,c+l ~^ -^l+l,6,c+l - Da+l,b,c+lVa,b-l,c " Va+l,6,c+l-Da+l,6+l,c+l 

^2+1, c+1 ~^ ^S+l,c+l = Da,b+l,c+lHa-l,b,c " Ha,b+l,c+lDa+l,b+l,c+l (^•^) 

-^0+1,6+1,0 ~^ -^o+l,6+l,c = -Da+l,6+l,c-^o,6,c-l " -^a+l,6+l,c-Da+l,6+l,c+l • 

One can check that they verify the relation 



/ . / . \'^a,b,c-^a,b,c ~^ a,b,c^a,b,c ^ a,b,c^ a,b,c) ~ 
i a,b,c 

Since the functions J and E specify the interactions, we have completed the character- 
ization of the (0, 2) field theory. It is a straightforward matter to extract the interactions 
in components by using the relevant formulae in Section 2. The characterization of the 
field theory parameters in terms of the parameters in the brane configuration is carried 
out in appendix I. 

This set of rules is the natural generalization of those determined for the particular case 
of (2, 2) theories in Section 3.2. A first good property of these rules is that whenever one of 
the chiral multiplets appears in adjoint representations, the spectrum and interactions will 
have enhanced (2, 2) supersymmetry. The simplest way of showing it is to take that chiral 
multiplet as the 'special' one. Then all interactions arising from functions E become gauge 
interactions in the (2, 2) theory, and the couplings form the functions J will correspond to 
the (2, 2) superpotential. We will come back to this and related points in Section 4. 

Another check of our set of rules comes from the study of Higgs breakings in the 
classical theory. It is clear in the brane configuration that there are some brane movements 
which can be performed. Consider for instance the case with the same number of D4 branes 
in all boxes. Then the NS branes can be moved along 7, the NS' branes can be moved 
along 5, and the NS" branes can be moved along 3. As we argue in the appendix, these 
movements correspond to changing the Fayet-IUiopoulos parameters in the field theory. 
This, on the other hand, implies that some field in the bi-fundamental gets a vev in order 
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to make the D-term vanish and maintain unbroken supersymmetry. This triggers gauge 
symmetry breaking, and as can be checked in the field theory we have proposed, typicaUy 
pairs of group factors break to the diagonal subgroup. This is precisely the phenomenon 
observed in the brane picture, and provides support to our identification of the field theory. 
The analysis is similar to that in and we will not repeat the exercise here. 

Another type of Higgs breaking corresponds to recombining D4 branes in different 
boxes until they complete a set that can separate from the grid of NS fivebranes. For 
instance, if all boxes have equal number of D4 branes, there is a Higgs branch in which the 
recombined D4 branes wrap the three-torus completely, and move freely in 35789. Other 
branches are discussed in analogy with [0. Of course, our discussion has been in terms 
of classical language. In two dimensions there is no moduli space of vacua, and our 'Higgs 
branches' should be understood as the target spaces of the two-dimensional field theory 
interpreted as a sigma model. The nature of this target space will be further clarified in 
Section 5. 

A related point that usually arises in the context of (2,2) and (0, 2) theories is the de- 
pendence of the Higgs branch with the FI parameters. In particular, we could ask whether 
our models will present phase transitions of the kind analyzed in ||2^, establising some 
kind of Calabi-Yau/Landau-Ginzburg correspondence. The field theories are rather com- 
plicated, and this study is far from straightforward. In Section 5 we will clarify this issue 
by showing the relation of our field theories to those arising from D-branes at singularities. 
This allows us to apply several results about the phase structure of these linear sigma 
models [|6|,|l5l. 

Finally, let us mention that, since these theories are chiral, there are potential gauge 
anomalies for the U{1) factors. Actually, even for the simplest choice of equal number 
of D4 branes in each box, the field theory is seemingly anomalous. This issue has been 
studied in [^, - in a T-dual picture of Dl branes at four-fold singularities, see section 5 
-, where the anomaly was seen to be cancelled through an interaction with bulk modes. 
In the brane box picture, we expect some kind of anomaly infiow mechanism playing an 
analogous role. We leave this very interesting point for future research, and in the following 
will assume that such mechanism is at work and renders the theory consistent. 



3.4- Examples 
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Field 


Representation 


Field 




(□,□,1,1,1,1,1,1) 


^2,1,1 


-^1,2,1 


(1, 1,1, 1,1) 


^2,2,1 


-^1,1,2 


(1,1, 1,1, □,□,1,1) 


-^2,1,2 


Hl,2,2 


(i,i,i,i,i,i,n,n) 


-f^2,2,2 


Vi,i,i 


(□,1,0,1,1,1,1,1) 


^1,2,1 


V2,l,l 


(i,ai,ai,i,i,i) 


^2,2,1 


Vw 


(i,i,i,i,n,i,ai) 


^1,2,2 


^2,1,2 


(i,i,i,i,i,n,i,n) 


^2,2,2 


^1,1,1 


(□,i,i,i,a 1,1,1) 


^1,1,2 


N2,l,l 


(1,Q 1,1,1, 0,1,1) 


iV2,l,2 


Nl,2,l 


(i,i,ai,i,i,ai) 


iVi,2,2 


A^2,2,l 


(i,i,i,ai,i,i,n) 


-^2,2,2 


^1,1,1 


(□,i,i,i,i,i,i,n) 


-^2,2,2 


^2,1,1 


(i,ai,i,i,i,ai) 


-Dl,2,2 


Dl,2A 


(1,1,Q 1,1, 0,1,1) 


-02,1,2 


^2,2,1 


(i,i,i,aQ 1,1,1) 


^1,1,2 



Table 3: Chiral multiplets for the 2x2x2 box model. The ordering of the U {jl) factors in the second col- 
umn is[/(n)i,i,ixt/(n)2,i,ixt/(n)i,2,ix[/(n)2,2,ixf/(n)i,i,2xt/(n)2,i,2xt/(n)i,2,2xf/(n)2,2,2. 

To see how the above set of rules works we consider an specific example with eight 
different three-dimensional boxes. Here we have two NS branes, two NS' branes and two 
NS" branes and an equal number n of D4 branes in each box. The theory is defined on 
T"^ which arises from the grid identified by shifts by two boxes in each of the directions 
246. Thus the 2x2x2 unit cell consist of eight boxes, so the gauge group is U{n)^. Even 
though the theory is (0,2), the matter content is vector-like. The chiral multiplets in the 
model are listed in Table 3 (to make it shorter we list half or the fields and the conjugates 
of the other half) 

In order to list the Fermi supermultiplets, we must make a choice of 'special' chiral 
superfield. For concreteness we will pick the fields D as the special ones. The corresponding 
Fermi multiplets are given in Table 4. 

The interactions can be obtained by straightforward application of Eqs. ( p.4| ) and 

22 



Field 


Representation 


Field 


Representation 

Mr 


1,1,1 


(□, 1,1,1,1,Q 1,1) 


a(^) 

2,1,2 


Coni. rep. 


2,1,1 


(!,□, 1,1,1) 


^(1) 


Coni. rep. 


1,2,1 


(i,i,a i,i,i,i,n) 

\ 7 7 1 17 7 7 7 7 1 L/ 


^(1) 

2,2,2 


Coni. rep. 


2,2,1 


(1,1,1,Q 1,1,Q 1) 

\ 7 7 7 1 17 7 7 1 17 / 


1,2,2 


Coni. rep. 


1,1,1 


(□, 1, 1, 1, 1, i,n, 1) 

\l 17 7 7 7 7 7 1 L7 / 


^(2) 
1,2,2 


Conj. rep. 


A?) 

1,2,1 


fi 1 n 1 n 1 1 1) 

V-"-, -'-,1 — 1, -'-,1 — 1, ■'-) 


A?] o 

1,1,2 


Coni ren 


A (2) 
^2,1,1 


n r~i 1 1 1 1 1 rTi 


A (2) 
^^2,2,2 


1 /"ATI 1 "V ' / ^T'~\ 

(^oiij. lep. 


A (2) 

2,2,1 


/I 1 1 1 — I 1 1 1 ^ 

(1, 1, i,Q i,n, 1, 1) 


A (2) 
2,1,2 


Uonj. rep. 


A (3) 
^1,1,1 


IQ J-, J-, J-, J-, J-J 


A (3) 
2,2,1 


Conj. rep. 


2,1,1 


(i,an, 1,1, 1,1,1) 


1,2,1 


Conj. rep. 


1,1,2 


(i,i,i,i,ai,i,n) 


^^2,2,2 


Conj. rep. 


^^2,1,2 


(i,i,i,i,i,Qn,i) 


1,2,2 


Conj. rep. 



Table 4: Fermi multiplets for the 2x2x2 box model. The fields D have been chosen as 
the special chiral multiplets, and the Fermi superfields are of type A(^), A(^) and A(^). Re- 
call that the ordering of the groups in the second column is t^(?T-)i,i,i X [/(?T,)2^1^1 X t/(77.)i^2,l 
xt/(n)2,2,lXf/(7l)i,i,2Xt/(7l)2,l,2Xt/(n)i,2,2Xt/(n)2,2,2. 

4. Models with Enhanced Supersymmetry 

4.1. Non-chiral enhancement of supersymmetry 

In this section we discuss how to construct two-dimensional gauge theories with en- 
hanced supersymmetry using the brane boxes introduced above. We begin by briefly men- 
tioning the simpler case of non-chiral supersymmetry. We have already considered such 
theories in section 3.2, where we studied the dimensional reduction of four-dimensional 
M = 1 models, i.e. (2,2) theories in two dimensions. It is easy to see that the pattern 
of the spectrum of the (2, 2) fleld theories that can be constructed in our setup is that of 
the dimensional reductions of four-dimensional box models. Here by 'pattern' we mean 
the structure of the bi-fundamental multiplets, the quiver of the theory, regardless of the 
actual rank of the gauge factors. We stress this subtlety because, since (2, 2) theories are 
non-chiral, there is more freedom in choosing the numbers of D4 branes in the boxes. So 
some of our (2, 2) models would be dimensional reduction of anomalous four-dimensional 
theories. The point here has already been stressed in . 



23 



This relation to four-dimensional models greatly facilitates the construction of brane 
models with enhanced (2, 2), (4, 4) or (8, 8) supersymmetry. One basically takes the brane 
construction of four-dimensional N = l,A/' = 2orA/' = 4 theories in replaces the 

D5 branes by D4 branes, and adds one NS" brane. Thus for example, (4, 4) theories can 
be obtained by considering k' = k" = 1, and arbitrary k. The unit cell is a finite row of k 
boxes, with trivial identifications of its sides. One such brane model is shown in Figure 7, 
for the particular case of k = 4. The identification of the spectrum of the theory and the 
interactions can be done directly in four-dimensional language, using the rules in 0. 

Similarly, gauge theories with sixteen supercharges can be obtained by considering a 
unit cell with a single box, with all sides identified. All fields in the theory are in the adjoint 
representation, and the brane configuration can be interpreted as D4 branes wrapped on 
a three-torus. 
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Fig. 7. The figure shows the brane box configuration which lead to 
a gauge theory in two dimensions with (4,4) supersymmetry. The unit cell 
consist of 4 boxes extending horizontally. Observe it has trivial identifications 
of its faces in all three directions 642. Recall that the numbers in the boxes 
are merely labels to distinguish them. 



J^-.2. Chiral Supersymmetry Enhancement 
(0,4) Theories 

It is easy to construct brane box models with enhanced (0, 4) supersymmetry. The 
rule is that any model in which one kind of Fermi multiplet appears in the adjoint has 
at least (0,4) supersymmetry. Instead of discussing it in general, let us present one such 
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example which iUustrates the general features of these theories. The relevant facts about 
the field theory will be mentioned as needed (the essentials about (0, 4) supersymmetric 
theories can be extracted from p7[1 ). 

The configuration is the 4x1x1 box model depicted in Figure 8. We label the boxes 
in the unit cell with one index i, and denote by Ui the number of D4 branes on each box. 
Notice that the faces of the unit cell are identified up to shifts in several directions. These 
non-trivial identifications of the sides of the unit cell can be read from the picture. 
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Fig. 8. The figure corresponds to a brane box configuration which leads 
to a two-dimensional field theory with (0,4) supersymmetry. The unit cell, 
also displayed, consists of 4 boxes extending along 6. Observe that in defining 
the three-torus by identifying the faces of the unit cell, the identifications are 
accompanied by shifts. These can be read from the figure. The model is said 
to have non-trivial identifications. 

The gauge group is Yli U {ui). From our general rules we can read the matter content, 
which we have collected in Table 5 (the Fermi multiplets shown correspond to the choice 
of D as special field). We have also listed the (0,4) multiplets these fields form. 

For instance, the fields A*^^-*, which transform in the adjoint, become part of the (0, 4) 
vector multiplet. These fermions, along with the (0, 2) gauginos, can be arranged in a 
four-dimensional vector, acted upon by the 5*0 (4) R-symmetry group of the field theory. 
Notice that only the usual U{l)ii subgroup is visible in the brane configuration. 

The fields Hi and Vi^i combine to form one (0, 4) chiral multiplet (since they transform 
in conjugate representations). The fields A^^ and form another (0,4) chiral multiplet. 
The Fermi multiplets A*^^) and A*^^) remain as two (0,4) Fermi multiplets, singlets under 
the R-symmetry. 
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(0, 2) Field 


Representation 


(0,4) Field 


Hi 




Chiral 


T 7- 

V^+l 


0+i,Q) 




AT- 




vjiiir cii 








a!" 


(Q,Q+i) 


Fermi 


Af 




Fermi 


Af 




Vector 



Table 5: The table summarizes the matter content corresponding to the brane box configuration of 
Figure 8. The only field in the adjoint representation corresponds to a Fermi field. The rest of fields are 
charged as bifundamentals. The model has (0,4) supersymmetry, and in the last column we show how the 
(0, 2) fields combine in (0, 4) multiplets. 

Concerning the interactions, they also respect (0, 4) supersymmetry. For instance, for 
the Fermi multiplet in the adjoint we have 



Ji^^ = HiVi+i — ViHi-i 

It is easy to see that, when expressed in components, the Yukawa coupHngs from these 
terms are the 'gauge' interactions of the (0, 4) chiral multiplet with the additional gaugino 
A) in the (0,4) vector multiplet. 

Let us also discuss the interactions of the remaining Fermi multiplets. The main 
novelty is that the two kinds of couplings of a Fermi multiplet to the chiral multiplets, 
given by the functions E and J, become related by supersymmetry. For instance, for the 
multiplet A-^-*, we have 



(4.1) 



(-1) (4-2) 

The corresponding terms are the interaction of the Fermi multiplet A^-^) with the (0,4) 
multiplets formed by the pairs [Hi^ViJ^i), and (A^j,Z)j+2)- 

Analogously, the functions associated to the Fermi multiplet A^^^ , 
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(4.3) 



contain the interactions of A^^) with the (0, 4) chiral multiplets. 

This pattern holds in general. Any time there is one kind of Fermi multiplet in adjoint 
representations, the whole spectrum fits nicely into (0, 4) multiplets. It can also be checked 
that the interactions respect this supersymmetry. In order to avoid non-chiral supersym- 
metry enhancement there should not be any chiral multiplet in the adjoint, otherwise the 
supersymmetry would be (4,4). There are many other models that can be constructed 
in a similar way, but we will not attempt a general classification. The supersymmetry 
enhancement of these models will receive a nice geometrical interpretation in section 5.4. 

(0,6) Theories 

It is also possible to get two-dimensional theories with six chiral supercharges. The ap- 
propriate way of obtaining them is constructing brane configurations which have two Fermi 
multiplets transforming in the adjoint. If the supersymmetry enhancement is to be chiral, 
one must also make sure that there are no chiral multiplets in adjoint representations. 

In the following we present an example of one such model. The configuration is a 
4x1x1 box model, which we show in Figure 9. We label the boxes in the unit cell by an 
index i, as before. 

The gauge group is YliU{ni). The matter content is summarized in Table 6, where 
we also show how the (0, 2) fields combine to form (0, 6) multiplets. 

The R-symmetry group is SO{6)n. All four (0,2) chiral multiplets combine into 
a single (0,6) chiral multiplet. The four complex fields transform in the fundamental 
representation of SU{A)ji ^ SO{6)r. 

Also, A*^^) and A^^\ which transform in the adjoint, become part of the vector mul- 
tiplet. Along with the gauginos in the (0, 2) multiplet, they can be arranged in a six 
dimensional real vector, acted upon by S0{6)ii 

The field A^^) remains a Fermi multiplet. Again, the couplings also respect the higher 
supersymmetry. For instance the interactions of A^^^ and A*^^) become have the appropriate 
structure to be 'gauge' interactions. 

It is easy to construct the most general brane box model with this structure. It is 
given by a generalization of the model in Figure 9, by considering a unit cell with an 
arbitrary number k of boxes. The spectrum is also given by Table 6 by simply increasing 
the range of variation of i, i = 1, . . . , k. 
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(0, 2) Field 


Representation 


(0, 6) Field 


Hi 






Vi+i 


(Q+i,Q) 


Chiral 




(Q,Q+i) 






11 h+l 1 1 hj 






(Q,Q-2) 


Fermi 






Vector 









Table 6: The table gives the matter content corresponding to the brane box configuration of Fig. 9. There 
are two Fermi multiplets in the adjoint representation. The rest of fields are charged as bifundamentals. 
It corresponds to a model with (0,8) supersymmetry. 
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Fig. 9. The figure shows a 4 X 1 X 1 box model which leads to the 
construction of two-dimensional gauge theories with (0,6) supersymmetry. The 
unit cell consists of 4 boxes, and its faces are identified in a non-trivial way. 



(0,8) Model 

Finally, let us construct the only (0, 8) model which can be realized in our setup. 
The brane box configuration is given in Figure 10. The unit cell contains two boxes, and 
has non-trivial identifications of its faces. The gauge group is U{n)'^, and we easily check 
that all (0, 2) Fermi multiplets are in the adjoint representation. They become part of the 
(0, 8) gauge multiplet. The R-symmetry group SO{8)r acts on the eight-dimensional real 
vector formed by these fermions and the (0, 2) gauginos. Also, all (0, 2) chiral multiplets 
transform in the bifundamental (□i,n2) or its conjugate. The chiral multiplets will fill 
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(0, 8) chiral multiplets. In this case, all the (0, 2) interactions are 'gauge' interactions from 
the (0, 8) point of view. The basic features of (0, 8) theories have been determined e.g. in 




Fig. 10. The figure shows a 2 X 1 X 1 box model giving a (0, 8) field 
theory. The unit cell contains two boxes, and its faces are identified in a 
non-trivial way. 

The basic lesson we can learn from these further examples is that enhancement of 
supersymmetry is easily obtained in our setup. Non-chiral supersymmetries arise when 
one or several chiral multiplets transform in the adjoint of the gauge group. Enhancement 
of chiral supersymmetries appears when Fermi multiplets transform in the adjoint (and 
chiral multiplets do not). Notice that the chiral enhancement of supersymmetry is not 
manifest from the brane box point of view, and has to be checked by direct computation of 
the spectrum and interactions. In section 5.4 we will discuss how it becomes manifest in a 
T-dual configuration, where the field theory is realized in the world- volume of Dl branes at 
four-fold singularities. To establish such T-duality is the purpose of the following section. 



5. The Interpretation of the Linear Sigma Model 

In the previous sections we have introduced a large family of two-dimensional (0, 2) 
gauge theories. Since (2, 2) and (0, 2) theories have been traditionally used as world-sheet 
descriptions of string theories propagating on some target space, it is a natural question 
whether the (classical) Higgs branch or our models has any geometrical interpretation of 
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the kind. In this section we are to show that it describes the dynamics of a type IIB Dl 
brane on a C^/F singularity, with F an abehan subgroup of SU{4). The main tool for 
reaching this conclusion will be a T-duality performed on the brane box model along the 
directions 246. 



5.1. T-duality Along 246 

In this section we perform a T-duality on the brane box models along the directions 
246. The main tool will be the well known T-duality relation between a set of n parallel 
NS fivebranes and n Kaluza-Klein monopoles. The discussion in this subsection parallels 
that in 

Let us start with the simplest case of a brane box model formed by a unit cell of 
k X k' X k" boxes, with trivial identifications of faces. In this case the T-duality along the 
directions 246 is particularly easy. We start with k NS branes along 012345, k' NS' branes 
along 012367, and k" NS" branes along 014567. The T-duality along 2 transforms the 
NS" branes into k" Kaluza-Klein monopoles. These will be described by a multi-center 
Taub-NUT metric, with non-trivial geometry on the directions 2', 3, 8, 9, with 2' denoting 
the coordinate dual to 2. Notice that, since the 3,8,9 coordinates of the initial NS" branes 
coincided, so do the coordinates of the corresponding k" centers of the Taub-NUT metric, 
so that it contains singularities of type Ak"-i. 

Similarly, the T-duality along 4 transforms the k' NS' branes into k' Kaluza-Klein 
monopoles with world-volume along 012367, and represented by a nontrivial geometry on 
4', 5, 8, 9. Again, since the centers of the Kaluza-Klein monopoles coincide, such geometry 
will contain singularities of type A^'-i. Finally, the T-duality along 6 turns the k NS 
branes into k Kaluza-Klein monopoles. Their world-volume spans 012345, and they are 
represented by a non-trivial geometry along 6', 7, 8, 9. Since again all the centers coincide, 
there will be Ak-i singularities. 

Thus, the final T-dual of the grid of NS, NS' and NS" branes is type IIB string theory 
with a complicated geometry in the directions 2', 3, 4', 5, 6', 7, 8, 9. One can think of it roughly 
as some 'superposition' of the Kaluza-Klein monopoles we have described. Even without 
a quantitative knowledge of such metric, we can describe the relevant features for our 
purposes. One such feature is that the number of unbroken supersymmetries constrains 
the manifold to be a Calabi-Yau four-fold. Also, from our remarks above we know the 
existence of certain (complex) surfaces of singularities of type Ak-i, Ak'-i and Ak^-i 
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singularities. If we introduce complex coordinates wi = exp{x'^ +ix^ ) ,W2 = exp{x^ +ix'^ ), 
ws = exp{x^ + ix'^ ), and W4 = x^ + ix^, the surface of Ak-i singularities is defined roughly 
by wi = W4 = 0, the surface of Ak'-i singularities is defined by W2 = W4 = 0, and the 
surface of Ak"-i singularities is given by ws = = 0. At the origin wi= W2= ws= W4 = 
all surfaces meet and the singularity is worse. It can be described as a quotient singularity 
of type C^/r, with F = x Zk' x Zk". This discrete group is generated by elements 9, 
00, r], whose action on {zi, Z2, z^, Z4) G is as follows: 

u : (-21,-22,^3,^4) (;2i,e2^*/^' 22,23,6-2^^/'=^' 24) (5.1) 

77: (-21,^2,^3,^4) (zi,Z2,e2^^/^"z3,e-2'^'/'="z4)- 

In this description it becomes clear that there may be further surfaces of singularities 

when the greatest common divisor of any two of k,k',k" is not 1, in analogy with the 



discussion in [0. This will not be relevant for our purposes and we do not develop the 
issue further. 

After the T-duality, the initial D4 branes become Dl branes located at a point in 
the four- fold. When the initial D4 branes are bounded by the grid of NS, NS' and NS" 
branes, the T-dual Dl branes will be located precisely at the C^/F singular point. The 
field theories introduced in the previous sections correspond to the field theories appearing 
in the world- volume of such Dl brane probes. In the following subsection we will show how 
the structure of the singularity controls the spectrum and dynamics of the field theory. 



5.2. The spectrum of the brane at the singularity 

The field theory on the world-volume of a D brane probes on singularities can be 
determined using open string techniques introduced in [|T3| , p!6| . The particular case of Dl 
branes on four-fold quotient singularities C^/F has been studied in [^, whose results 
we review in the present section. We will center on abelian discrete groups, and we will 
also show how the spectra obtained in this case actually match with those we presented in 
Section 3. This will confirm the spectra we had proposed, and also illustrate the usefulness 
of the T-duality between brane boxes and branes at singularities. 

Let us briefiy review the field theory on the world- volume of Dl branes on C^. 
This is the dimensional reduction of ten-dimensional A/" = 1 U{N) super Yang-Mills to two 
dimensions. The R-symmetry group is SO{8)ji, which can be understood as the symmetry 
group of the transversal dimensions. The theory contains a set of gauge bosons A^, singlets 
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under the R-symmetry. The matter fields are eight real scalar fields (j) transforming in the 
8v of SO (8), eight left-handed fermions i/^- transforming in the 8s, and eight right-handed 
fermions ?/'_(_, which transform in the Be- All fields are in the adjoint representation of the 
gauge group. 

The field theory of Dl branes on C^/F can be obtained as a projection of the theory 
just described onto F invariant states. The group F acts on the R-symmetry of the theory, 
since this symmetry associated to the transversal coordinates, which are modded out to 
form the quotient. Since F is a subgroup of SU{4), an unbroken R-symmetry will 

remain in the quotient theory, due to the decomposition SO{8)ii D SU{4) x This 
action of F on is specified by a four-dimensional faithful representation, which we will 
denote by 4. Since all irreducible representations of F are one-dimensional (recall we only 
consider the abelian case), the representation 4 is reducible, and has a decomposition 

4 = 7^^, © TZa, © 7^^3 ® (5.2) 

with the restriction that the tensor product of all representations is the trivial represen- 
tation. This is required so that 4 defines an action in SU{4), rather than in U{4). It also 
can be expressed as = —Ai — A2 — A3, in notation of |jT^. 

For future convenience, let us point out the this choice of 4 also determines a six- 
dimensional representation 6, which is obtained by taking the antisymmetric part of 4 © 4 

6 = 'TIAx®A2 © ^yliffiAg © TZa2®A3 © TZ-Ax-A2 © T^-A^-A^ © Tl-Ai-As (5.3) 

where we have introduced the notation 71 Ai ® T^Aj = T^Ai^Aj for the tensor product of 
representations. The action of F must also be embedded in the Chan-Paton factors of the 
Dl branes. This is specified by giving a representation of F which we will denote by TZc.p.- 
The configuration of the Dl branes is essentially described by such representation. 

The simplest physical situation is that of n Dl branes in the quotient manifold. This 
can be equivalently described in the cover of the orbifold space as a set of n|F| Dl- 
branes (with |F| being the order of the discrete group) with Chan-Paton factors in n copies 
of the adjoint representation TZr, 

TZc.p. = nUr = n®ini. (5.4) 

The fields in the resulting (0, 2) field theory on the Dl branes will be those invariant 
under the simultaneous action on R-symmetry and gauge quantum numbers. Following 



32 



the rules in we can obtain the spectrum. The gauge group is [/(n)l^l= Yli U{n)i, so 
there is one gauge factor associated to each irreducible representation of F. 

Since the scalar fields transform in the 8v of SO{8)ji, which decomposes as 4+4 of 
the SU(4), to compute the scalar spectrum in the orbifold theory we have to compute the 
tensor products of the representation 4 (|5.2|) with each irreducible representation TZi, 



4®ni = TZkqAi © T^KBAi © "^/©Aa © ^/-Ai-Aa-Ag (5-5) 

This implies that there are four kinds of complex scalar fields. The first, associated 
to the first complex plane in C*, transform as the (□, □) of U{n)i x f/(n)/9Ai; we denote 
these fields as (I)ij@Ai ■ The second corresponds to fields denoted (t)ij@A2 5 transforming as 
the (□, □) of U{n)i x U{n)iQA2- There are fields (j)ij^A3, which transform in the (□, □) 
of U{n)i X U{n)i^A3- Finally, there are fields cf)ij-Ai-A2-A3 transforming in the (□,□) 
ofU{n)i X U{n)i-Aj_-A2-A3- 

The right-handed fermions 1/'+ transform in the 8c of SO{8)fi, which also decomposes 
as 4+4 under SU{4). To obtain the invariant fields in the orbifold theory one has to use 



again the products of the 4 with the representations TZj, (|5.5|) . Thus one obtains four 
kinds of such fermions fields, denoted i^ij^Ai, for i = 1, . . .,4, which transform in the 
(□, □) of U{n)i X U{n)iQAi- The scalars (j)ijQAi and the right-handed fermions if^iji^Ai 
form together (0, 2) chiral multiplets, denoted in the following. 

The left-handed fermions "0- transform in the 8s of SO{8)r, whose decomposition 
under SU{4) is 8s = 6+1+1. The two fermions transforming trivially under the SU{4) will 
give rise to one left-handed fermion xi (and its conjugate) transforming in the adjoint of 
the gauge factor U{n)j. These fermions, together with the gauge bosons, form (0, 2) vector 
multiplets. On the other hand, we have to compute the products of the representation 6 
( ^.3|) with the representations TZj, in order to get the remaining left-handed fermions. This 
yields 

Q®TZi =TZl®A^®A2 © T^I®A^®A3 © '^I®A2®A3 , , 

(5.6) 

© ^/-Ai-Aa © "^/-Ai-Ag © ^/-Aa-As- 

Thus we obtain left-handed fermions '^i^i®Ai®Aj, for a, 6 = 1, . . . , 4, z 7^ j, transforming 
in the (□, □) of U{n)i x U{n)i^Ai®Aj- These will correspond to three Fermi multiplets 
and their conjugates. We will denote them by A*j. Again, which fields are considered the 
Fermi multiplets, and which their conjugates, depends on the choice of a 'special' chiral 
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multiplet, to appear in the functions E of the Fermi multiplets. FoUowing the convention 
in [|15[, we take $| as these special fields. This implies that the fields are the Fermi 
multiplets, and that A^j, i,j^4: are the conjugates. 

The interactions are also given by the projection of the interactions in the non- 
orbifolded theory onto F invariant terms. The outcome can be recast as a definition 
of functions E and J for the Fermi multiplets. The functions E are 

A24 ^ £;2 ^ $4^$Va,-A.-A3 " ^'/^Va. (5-7) 

A^/ ^ E^j = $4,$Va,-a.-A3 - $'/$Va3- 
And the functions J are 

A^/ ^ J\ = $Va.-A3$^.-A3 - *Va.-A3$Va. 

A¥ - J', = $'7-a,-A3^'/-a, - $'/-a,-A3^Va3 (5-8) 

Observe that the condition ^ J^i^^i = is verified. The interaction terms in 
components are easily obtained using the equations in Section 2. 



5.3. Comparison with the Brane Box Models 

In this section we analyze the particular case of F = x Z^' x Z^" , with the generators 
9, uj, Tj of Zfc, Zfc/, Zfc" acting on as in (|5.1|) . In this case the group has |F| = /c • 



k' ■ k" irreducible representations, 7la,b,cj with a, 6, c integers defined modulo k,k',k", 
respectively. The representation 7la,b,c associates to the group element O^ui^r]^ the phase 
factor exp [27rz(^ + + f^) ]• Clearly, the tensor product of representations is given by 
'J^a,b,c ® Tla' ,h',c'= "^a+a' ,c+c' 5 ^-C Separated addition in the indices. 
With this definition, the action of F on corresponds to the choice 

4 = 7^l,o,o © 7^o,l,o © 7^o,o,l © 7^_l,_l,_l. (5.9) 

From it we can also obtain 

6 = 7^l,l,o © 7^l,o,l © 7^o,l,l © 7^_l,_l,o © 7^_l,o,-l © 7^o,-l,-l. (5.10) 

Using the rules we have described above we can easily find out the spectrum of the 
theory. The gauge group is U {n)^^ ^ = Yla b (^)a,6,c5 where each factor is associated to 
an irreducible representation. Let us now look at the four types of (0, 2) chiral multiplets 
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^i,i®Ai, « = 1, . . . , 4. The fields associated to the first complex plane, $^ ^ ^, transform in 
the (□, □) of U{n)a,b,c x U{n)a+i,b,c- The fields associated to A2, $^ ^ j,, transform in the 
(□,□) of U{n)a,b,c X U{n)a,b+i,c- The fields $j^ f,^^ transform in the (□,□) of U{n)a,b,c x 
U{n)a,b,c+i- Finally, the fields transform in the (□,□) oiU{n)a,b,cXU{n)a-i,b-i,c-i- 

The Fermi multiplets are obtained using the representation 6 above. The field A^^^ ^ 
transforms in the (□, □) of U{n)a,b,c x U{n)a,b-i,c-i', the fields A^\_, transform in the 
(□,□) of U{n)a,b,c X U{n)a-i,b,c-i; the fields A^^^^^ transform in the (□,□) of U{n)a,b,c x 

U{n)a-l,b-l,c- 

We have listed the spectrum of chiral multiplets and Fermi multiplets in Table 7. 



Field 


Representation 


Brane box 


^\ 

a,b,c 


(CIIa,6,C5 CIIa+l,&,c 


Ha,b,c 


$2 

a,b,c 


(□a,b,C5 Da, 6+1, c) 


^a,b,c 


$3 

a,b,c 


(lllla,b,c; IIIIa,6,c+l) 


Na,b,c 


^\ 

a,b,c 


(□a,6,C5 □a-l,6-l,c-l) 


Da,b,c 


^^a,b,c 


(□a,b,c, □a,6-l,c-l) 


^(2) 
-'*-a6c 


A 24 
^^a,b,c 


(□a,b,C5 □a-l,6,c-l) 


^^a,b,c 


A 34 
^^a,b,c 


(□a,b,c, □a-l,6-l,c) 


^(3) 

a,6,c 



Table 7: The matter content of the theory of Dl branes at singularities. In the last column we compare 
these fields with the spectrum obtained in a /c X /c' X k" brane box model of Section 3. 



Notice that the spectrum we have obtained corresponds precisely to the one we pro- 
posed for a, k X k' X k" box model with trivial identifications of sides. The chiral multiplets 
^abc correspond to the fields if, V, N, D of Section 3. The choice of $^ as special field 
corresponds to our convention of section 3.3, of choosing the D fields as special. The 
Fermi multiplets A^^, A^^, A'^^ in the singularity correspond to the Fermi fields A^'^\ A^^\ 
A^^\ respectively. This comparison is shown in the last column of Table 7. It is also a 
simple matter to particularize expressions ( |5.7|) and (|5.8|) to this case and reproduce the 
interactions proposed in Section 3.3 

The matching of the two field theories was actually expected, since we had already 
argued that the configurations are related by T-duality. The detailed correspondence of 
the spectra and interactions in both constructions is a nice argument supporting both the 
T-duality, and the spectrum proposed in Section 3 for the brane box configuration. 
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The T-duality proposal can be generalized in several directions. For instance, there is 
no difficulty in extending it to models with non-trivial identifications of faces of the unit 
cell, following [|T^. Also, by considering fractional branes at the singularity one finds the 
T-duals of brane box models with different number of D4 branes in each box. 

Rather than commenting on these exercises, we turn to briefly mention a few facts 
about the phase structure (in the sense of [^) of these field theories as linear sigma 
models. Even though the field theories are relatively complicated, this analysis has been 
carried out for (2,2) theories and (0,2) theories The outcome is that only the 

geometric phases of the linear sigma model are realized, and so no CY/LG correspondence 
holds in this case. However, flop transitions between different geometric phases are 
certainly possible ||31[] . Since the field theories in this section are the same as those arising 
from brane box models (via the T-duality map), the results mentioned above also apply 
in the brane box context. 

In the following Section we illustrate another interesting application of the T-duality 
map. We turn to the study of the models with enhanced super symmetries introduced in 
Section 4. 



5.4- Enhanced Supersymmetries 

When the discrete group F that defines the singularity is not a generic subgroup 
of SU{4), so that a larger R-symmetry is left unbroken, we can expect an enhancement 
of supersymmetry. The simplest such examples, yielding non-chiral supersymmetry en- 
hancement appear when F C SU{3). The R-symmetry of the theory is U{1) x ^7(1), and 
the theories obtained are (2, 2) in two dimensions. These models are clearly T-dual of 
configurations of D3 branes at Calabi-Yau three-fold singularities C'^/F, which yield four- 
dimensional A/" = 1 theories. Analogously, when F C SU{2), the (4,4) theories obtained 
are related of six-dimensional A/" = 1 theories, which can be realized in the world-volume 
of D5 branes at ALE singularities C^/F. 

The relation with the brane box model is clear. When the singularity has a restricted 
holonomy group, SU{3) (resp. SU{2)), the brane box configuration reproducing the (2, 2) 
(resp. (4, 4)) field theory has only two (resp. one) kinds of NS fivebranes. Thus the brane 
box configurations also admit an interpretation as reduction of higher dimensional brane 
models. 

The theories in these references actuahy correspond to the case where ah the gauge factors are U (l)'s. 
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More interesting is the chiral enhancement of supersymmetry. As mentioned in |15 
one can obtain (0, 4) theories in the Dl brane picture when the four-fold singularity admits 
some additional covariantly constant spinors. This can be translated in the condition 
r C SU{2) X SU{2), which leaves a SU{2) x SU{2) unbroken R-symmetry. This restricted 
holonomy implies the F-invariance of the forms dziAdz2 and dzsAdz4 in C^. This condition 
restricts the possible actions of F on C^, in such a way that it ensures the existence of 
one Fermi multiplet in the adjoint. This fermions are required in a (0, 4) theory since they 
become part of the (0,4) vector multiplet. Also, one can check that the chiral multiplets 
arrange in conjugate pairs to form (0, 4) chiral multiplets. The interactions also respect 
the higher supersymmetry. 

These and some of the following special holonomies have also appeared in the study 
of two-dimensional compactifications of string theory and M-theory (see for example ||28|| ). 



A particular family of such singularities is mentioned in [15|. The group is with the 
generator 9 acting on as 

9: {zi,Z2,zs,Z4) (e2^*/'^2i,e-2'^^/'^;Z2,e2™/"^3,e"^™/''24) (5.11) 

It is a simple matter to obtain the spectrum and interactions in this example. One can also 
easily find brane box configurations yielding the same field theory. In fact, the example 
shown in Figure 8 correspond to the Z4 n = 4, a = 2 model in the family above. 

Another interesting family of such theories is obtained as the product of two ALE 
singularities living in the {zi,Z2) and (^3,^4) spaces, respectively. 

Let us stress that for any singularity yielding a (0, 4) theory we can find brane box 
configurations reproducing the same field theory i. The construction is systematic and 



closely analogous to that discussed in |12] for three- fold singularities, so we will not discuss 
it here. 

Observe that the basic requirement in order to have (0, 4) supersymmetry can be 
rephrased as the existence of Fermi multiplets in the adjoint representation. This agrees 
with our comments from the brane box point of view in section 4.2. 

Concerning the field theories with (0, 6) supersymmetry, they are also obtained using 
singularities with restricted holonomy. In this case the condition amounts to ensuring the 
existence of two (0, 2) Fermi multiplets in the adjoint representation (and no adjoint chiral 



As in there are in general several different brane box models corresponding to the same field 

theory. They correspond to T-dualizing the same singularity along different sets of directions. 
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multiplets) . A complete classification of such singularities is possible, the only such models 
are orbifolds with the generator 9 acting as 

9: {zi,Z2,zs,z^) ^ (e2-/"^i,e-2-/'^^2,e2"'/'^^3,e-'"^/";24). (5.12) 

The unbroken R-symmetry is SU{4)ii ^ SO{6)fi. Again it is a simple exercise to obtain 
the spectrum and interactions of the theory, and find brane box models yielding the same 
field theory. As an example, let us mention that the four-box model shown in Figure 9 gives 
precisely the field theory of the Z4 example in the family just mentioned. The general 
case is obtained by considering an analogous brane box model with n boxes. As indicated 
in section 4.2, the spectrum in the general case is given in Table 6. 

Finally, let us comment on the only singularity yielding a (0, 8) supersymmetric theory. 
It is the Z2 orbifold whose generator 9 acts as inversion of the four coordinates in C^. The 
unbroken R-symmetry is SO{8)r. As for the spectrum, the gauge group is U{n)'^, all 
the Fermi multiplets transform in the adjoint, and all chiral multiplets transform in bi- 
fundamental representations. The model is clearly the same one we discussed in section 4.2, 
and corresponds to the brane box configuration shown in Figure 10. 

The main conclusion of this discussion is that enhanced supersymmetry is associated 
to a restricted holonomy in the four-fold singularity. The T-duality map discussed in 
previous subsection then seems to suggest that the T-dual brane configurations present 
enhanced supersymmetry due to properties of their 'generalized holonomy group' in the 
sense of 1)2^] . In the cases of non-chiral supersymmetry enhancement this is obvious, since 



essentially the correspond to removing one kind of brane. In the more interesting case 
of chiral supersymmetries, on the other hand, the supersymmetry enhancement is not so 
obvious in the brane box configuration and only follows upon the detailed computation 
of spectrum and interactions. It would be nice to achieve a better understanding of such 
brane box models. 



6. Concluding Remarks 

In this paper we have introduced brane box configurations giving chiral field theories in 
two dimensions. An interesting feature is that are a natural generalization of brane models 
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yielding chiral field theories in six and four dimensions. The connection between the chiral 
theories in the different dimensions is dimensional reduction followed by an appropriate 
chiral projection, performed by the introduction of a new kind of NS fivebrane. 

We have provided the rules to determine the field theory spectrum from the brane box 
data. Since the theories have only two supersymmetries, the interactions have a relatively 
complicated structure. However, we have shown how they can be easily encoded in a 
diagrammatic representation in the brane box configuration. 

We have also discussed the conditions under which the models present enhanced su- 
persymmetry. We have stressed that it is possible to construct brane box models with 
enhanced (0,4), (0,6) and (0,8) supersymmetry, and shown several examples of such con- 
figurations. 

In the case where the direction 246 in the brane configuration are compact, we have 
related the corresponding models to theories arising from Dl brane probes at C^/F singu- 
larities, with r an abelian subgroup of SU{4). The relation is based on T-duality along 
the compact directions. This result has been useful, since it provides a simple rederivation 
of the rules to compute the spectrum and interactions we had proposed in the brane box 
picture. It also provides a nice geometrical interpretation for the enhancement of super- 
symmetry (both chiral and non-chiral) in terms of the holonomy group of the four-fold. 
Much could be said about the relation of the brane boxes and the singularity theories. 



However, since this discussion is essentially identical to that in [0, we have not repeated 
the details. Let us stress however that there is no difficulty in repeating the exercise in the 
four-fold case. 

There are several interesting results concerning the phase structure of these field the- 
ories, when understood as linear sigma models There the field theories appeared 
from D-branes at singularities. An interesting application of the T-duality map is that it 
ensures these are the same theories one obtains from brane box configurations. This allows 
us to directly borrow the corresponding results and learn that only the geometric phases 
are accesible to the field theories. However, fiop phase transition are still possible, and it 
would be interesting to give them a direct intepretation in the brane box picture. 

Another interesting point is that this relation between brane boxes and branes at 
singularities is expected to shed light on some issues which are not completely clear in 
the brane box construction, such as the restrictions in the number of D4 branes that one 
is allowed to put in the boxes. Such restrictions are required to ensure cancellation of 
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gauge anomalies, and can be presumably studied in the singularity picture in the context 
of perturbative string theory. We leave this as an open question. 

Observe that the singularity picture provides the construction of a larger family of 
(0, 2) theories, by considering non-abelian subgroups of SU{4). The rules to compute the 
spectrum are a simple generalization of those we mentioned in the abelian case. 

Finally let us mention an amusing relation between the (0, 2) theories we have studied 
and the dimensional reduction of the four-dimensional non-supersymmetric orbifold theo- 



ries introduced in ||T^. As we have mentioned, the theory of Dl branes on M has SO{8)ji 
R-symmetry. The scalar fields (p transform in the 8v representation, the right-handed 
spinors transform in the 8c, and the left-handed spinors transform in the Sg. 

There are three inequivalent embeddings of SU{4) in 5*0(8). They differ in which 
of the three representations '8' decomposes as 6-l-H-l. Since the three representations 
are related by SO{8) triality, so are the three embeddings. Taking this into account, 
given a (possibly non-abelian) discrete group F C SU{4), and four- and six- dimensional 
representations 4 and 6, there are three possible orbifold theories we can define, using the 
three embeddings of SU{4) in SO{8). 

We have already met one of these, where 8s decomposes as 6+1+1, and both 8v and 8c 
decompose as 4+4. The orbifold theory is a (0, 2) chiral supersymmetric theory. It contains 
scalars (^/,7©Ai, right-handed fermions ipfj^Ai^ left-handed fermions V'7j®Ai©Aj (i^ 
notation of Section 5). The right-handed spinors and scalars are related by the right- 
handed supersymmetries. The conmutant of the SU{4) is the U{1) R-symmetry of the 
theory. 

Another embedding, in which 8c decomposes as 6+1 +1, and 8„, 8s decompose as 
4+4, is clearly the parity transformed of the precedent. The scalars (pij^Ai and the left- 
handed fermions il^J j(^a. are related by (2, 0) supersymmetry. There are also right-handed 
fermions i^fj^A^^A,- 

Finally there is a third choice, in which 8„ decomposes as 6+1+1, and 8s, 8c de- 
compose as 4+4. The field theory contains real scalars 4>ij®Ai®Aji complex scalars 4>ij, 
and vector-like fermions • These theories are the dimensional reduction of the 

four-dimensional non-supersymmetric theories introduced in [^. Now the ^7(1) which is 
unbroken arises in the dimensional reduction. Observe the spectrum is similar to that 
of the (0, 2) or (2, 0) theories by an exchange of the scalars with one kind of fermions. 
This is somewhat reminiscent of the twisting of supersymmetric theories where one mixes 
the Lorentz group and the internal symmetries of the theory, even though we have not 
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been able to make this more precise. It is tantalizing to imagine that this amusing group 
theoretical fact may have some deeper meaning. 
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Appendix I. Parameters in the Model: Gauge Couplings, Theta Parameters, 
Fayet-Iliopoulos Parameters 

Gauge couplings, theta angles and Fayet-Iliopoulos (FI) parameters can be character- 
ized in analogy with the four-dimensional brane box configurations [|6|,p!0[]. 

Gauge couplings 

The gauge couplings of the various gauge groups are given in terms of the positions 
of the NS branes along direction, the positions of the NS' branes along the X4 direction 
and the positions of the NS" branes along the x'^ direction. There are k possible positions 
Xg, k' positions X4 and k" x\. These directions are divided into k intervals of lengths 
la = Xq — Xg~^ for xe, into k' intervals of lengths Jh = x\ — ^4"^ for X4 and into k" 
intervals of lengths K^. = x\ — X2~^ for X2. The intervals /„, Jf, and Kc satisfy the relations 
/a = -Re, J^f^b = Ra and Xlc-^c = R2- Thus the gauge coupling ga,b,c associated to 
the U {na,h,c) is given by 

Theta angles 

The interaction which gives rise to the theta angle of the gauge theories in two di- 
mensions can be seen to arise from the following interaction in the world-volume of the 
M-theory fivebrane 
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C(3)AdS(2). (1.2) 

We 

It is well known that the fivebrane of M-theory wrapped on is precisely the -D4- 
brane of type IIA superstring theory. Thus the fivebrane will extend in the directions 
xq, xi, X2, 2:4, X6, xio with xio parametrizes S^. Interaction ( [T^ ) turns out to be 

C^^^AdB^^\ (1.3) 

(01246)xSi 

with (01) the world-sheet coordinates where is defined the two-dimensional gauge theory. 
Under compactification on the circle B^"^^ field becomes the one- form A on the world- 
volume of the D4 branes. Eq. ( p3| ) yields 

C(3) A dA, (1.4) 

(01246) 

Under the further dimensional reduction of the D4 brane on 246 we obtain the two- 
dimensional field theory theta terms 



/ F, (1.5) 

J{01) 

where ^ = /(246)C(3)- 

There is another equivalent way to obtain the interaction (^7^) , from the Chern-Simons 



contribution to the D-brane Lagrangian [33 



C A Tre^, (1.6) 

where C is the sum over all RR fields of the relevant string theory and JF is the field 
strength of the gauge fields on Wp+i. For D4 brane of type IIA string theory Chern- 
Simons Lagrangian looks like 

j (^C^^^Tt{J^ A J^) + C^^^TrJ^y (1.7) 

with C(^) and C^^) the IIA one- and three- forms. The last term reproduces Eq. (|1.4| ). 

The above analysis gives the correct answer only for the case of D4 branes wrapped 
on a T^, which gives two-dimensional gauge theories with sixteen supercharges. In more 
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general cases, the theta angle receives further contributions, which we analyze in the 
following. 

Let Ra,b,c denote the volume of a 246 box which is bounded by NS, NS' and NS" 
branes. We define Qa to be the face contained in the a*'' NS brane, Qb the face contained 
in the b^^ NS' brane, and Qc the face in the c^^ NS" brane. Let us consider the two-form 
fields and S''^^) on the world- volume of NS, NS' and NS" branes. The theta 

angle for the group associated to the box (a, 6, c) depends on the surface integrals along 
the boundary of Ra,b,c- 

Let us first consider models with (4, 4) supersymmetry in two dimensions. We can 
construct such models by considering k' = k" = 0, and 246 compact. Each factor in the 
group arises from a box with the topology of a two-torus (along 2,4) times an interval 
(bounded by the positions of NS branes along 6). In such situation, the definition 9 = 
fo C*-^-* is not invariant under the gauge transformation of the three-form C*^'^^ 
C*-^-* -|- dX, with A a two-form, since 9 would pick a boundary term. This problem is solved 
by refining the definition as follows 

Oa= [ C^'n I (5i^)-5li\). (L8) 

J Ra,b,c JQa 

and allowing B^"^^ to transform as S*-^^ S*-^-* + A. 

In the general case in which the box Ra,b,c is bounded by NS fivebranes in all three 
directions 246, the expression for the theta angle includes all the boundary terms. 



Oa,b,. = I + / (5f ) - 5£\) + / (5f ) - B'P) + I (5:'(^) - 5^) (1.9) 

Ra,b,c Qb JQa JQc 

Now this expression is not invariant under the gauge transformations of the two-form 
fields, Ba — > Ba + daat etc, (here the a's are one-forms). Under this transformations, 
9 would pick up terms at the boundaries of the Q's, i.e intervals where two kinds of NS 
fivebranes intersect. This forces a further refinement by introducing integrals of appropriate 
one-form fields along those intervals. Finally, there should exist a contribution from the 
points of intersection of the three kinds of NS fivebranes, in order to ensure invariance under 
gauge transformations of the one-forms. We have not written these last contributions in 



the formula (^^ . 
Fayet-IUiopoulos parameters 
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In two dimensions, we expect the gauge groups to contain U (1) factors, and so the two- 
dimensional field theory contains Fayet-Iliopoulos parameters. These parameters will be 
associated to the positions of fivebranes in several directions. There are three contributions 
to the FI parameter of a given gauge group, one for each type of NS fivebrane bounding 
the corresponding box. One contribution comes from the position of the NS branes in x'^ . 
For example, consider the case of k arbitrary and k' = k" = 1. For each one of the k boxes 
we have a U(l)-factor and correspondingly a FI parameter. This is given by 

ra = {x^)NSa - ix^)NS^+^ = S{x^)a. (LIO) 

These FI parameters fulfill the condition ^ = required in order to have unbroken 
supersymmetry. The motivation for equation ( |1.10[ ) is that the Higgs breaking triggered 
by the contribution of the FI to the D-term is precisely that obtained upon moving the 
NS brane in a;^. 

This argument can be extended to the general case with arbitrary number of boxes. 
In this case FI parameters are given in terms of the differences of positions of NS branes 
in x^, NS' branes in x^, and NS" branes in x^, as follows 

ra,b,c = + (5x^)6 + (1.11) 

They verify the condition J2a,b,c '^a,b,c = 0. 

In general we expect that, as happened with the theta angles, the field theory param- 
eters will receive contributions associated to the intersections of NS fivebranes. This was 



already observed in , and is expected to happen in our case in even a more complicated 
manner. 
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